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Abstract
The eddy diffusivity in the ocean pycnocline KN = ��

/

N2 is analyzed based on field 
measurements of the turbulent kinetic energy (TKE) dissipation rate �(z) and buoyancy 
frequency N(z) profiles and an assumed mixing efficiency of � = 0.2 . The microstructure 
measurements were taken between 2013 and 2019 in various regions of the Bay of Ben-
gal (BoB) as well as the central Gulf Stream (GS) and deep waters of the Southern Cali-
fornia Bight (SCB). The space–time variability of KN(z, t) observed in the pycnocline of 
the southeastern BoB is likely related to internal-wave generated turbulence, identified by 
its following of MacKinnon–Gregg scaling (MacKinnon and Gregg in J Phys Oceanogr 
33(7):1476–1492, 2003). The probability distribution function of diffusivity CDF

(

K
N

)

 
could be well fitted by generalized extreme value distribution (GEVD) for all regions 
of BoB and other oceans. Mixing rates in the upper pycnocline of BoB during extended 
southwestern monsoon period tend to be larger in the southern parts of the Bay compared 
to central and northern parts. Statistics of KN in the GS and SCB waters appear to be simi-
lar to those in the southern BoB with a characteristic median value ~ 2 × 10−6 m2/s, sug-
gesting relatively low intensity of vertical mixing therein compared to the canonical pycno-
cline diffusivity of KN ≈ 10−5 m2/s.

Article Highlights

•	 Internal wave instabilities appear to be a dominant mechanism of generating energetic 
mixing events in the Bay of Bengal (BoB).

•	 Mixing rates (diffusivities) in the upper pycnocline tends to be larger in the southern 
BoB than in the northern part of the Bay.
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•	 Generalized extreme value distribution approximates well the probability functions of 
the diffusivity in all tested regions of BoB as well as in the other oceans.

Keywords  Ocean mixing · Eddy diffusivity · Dissipation rate · Ocean pycnocline · Bay of 
Bengal

1  Introduction

Understanding and quantification of turbulent mixing in stably stratified oceans continue to be 
of great importance in ocean sciences for many decades. In the ocean, vertical (or diapycnal) 
mixing in stably stratified layers is signified by the buoyancy flux b′w′ , where b� = −g

�
�

�0

 are 
the buoyancy fluctuations, �0 the reference density, g the gravity, w′ the fluctuations of vertical 
velocity and overbar denotes appropriate time or space averaging. In numerical models of 
ocean circulation, turbulent fluxes of momentum and scalars (e.g., buoyancy flux) are usually 
specified via the mean gradient (e.g., db∕dz ) and a coefficient of exchange Kb known as the 
eddy diffusivity,

The eddy diffusivity (or simply diffusivity) is conventionally evaluated based on the 
assumption of stationarity and horizontal homogeneity of turbulent kinetic energy (TKE) 
that yields a balance between the TKE production by mean shear P, viscous dissipation � and 
work against buoyancy forces B = −b�w� . Defining the ratio between B and � as the mixing 
efficiency,

and combining (1) and (2), the diffusivity Kb ≡ KN becomes,

where N2(z) = g
/

�0
��

�z
 is the squared buoyancy frequency, z is positive downward, and 

z = 0 at the sea surface. The use of subscript N signifies approximations used in deriving 
(3) from (1). Osborn [2] suggested that � ≈ 0.2, but later it has been argued that � could be 
a function of the Richardson and buoyancy Reynolds numbers (e.g., Lozovatsky and Fer-
nando [3]; also see more recent findings of Gregg et al. [4], Garanaik and Venayagamoor-
thy [5], and Conry et al. [6]). The success of oceanic in-situ measurements of �(z) over last 
several decades (e.g., [7–11]) permitted estimating eddy diffusivity and therefore mixing 
rates in various regions of the World Ocean. Another method of estimating oceanic diffu-
sivity is the use of microscale temperature measurements to calculate the dissipation rate � 
of turbulent temperature fluctuations and using a diffusivity in the form KT =

�

2
(

dT
/

dz
)2 

(e.g., [12, 13]). An indirect method based on internal-wave strain estimates and corre-
sponding fine-scale parameterizations is also used (e.g., [7, 14, 15]). In this study, we focus 
on the most direct and reliable estimates of diffusivity in the upper pycnocline of the Bay 
of Bengal (BoB) based on Eq. (3) with a canonical mixing efficiency � = 0.2 [4, 8].

(1)b�w� = −Kb

�b

�z
.

(2)� = B∕�,

(3)KN = �
�

N2
.
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Recent publications on mixing rates in BoB [16] revealed a strong functional depend-
ence of KN on the gradient Richardson number Ri = N2∕Sh2

where Sh is the vertical shear. For the background diffusivity Kbr = 10−6 m2s−1, critical 
Richardson number Ricr = 0.25 and for Ri << Ricr , the mixing exchange coefficient Ko is 
close to 10−4 m2s−1. It is possible that the power of Ri in (4) has a universal value s = 2, as 
it provides the best fit to the published BoB data as well as data collected recently near the 
Nova Scotia shelf break [17] and data from nocturnal atmospheric stably stratified layers 
[3].

A seasonal cycle of mixing along 8°N of BoB has been reported by Cherian et al. [13] 
with strongest turbulence observed between July and November, corresponding to the 
extended southwestern monsoon season. Enhanced diffusivities were observed by Luecke 
et al. [18] during the passage of a sub-surface anti-cyclonic eddy in the western BoB. The 
seasonality of the upper-ocean turbulence in the central (12°N) and northern (18°N) BoB 
has been discussed by Warner et  al. [19], and the suppression of turbulence during the 
latter part of the southwestern monsoon due to enhanced stratification resulting from the 
freshwater input has been observed by Thakur et  al. [20]. While acknowledging these 
important findings, this paper addresses the question: how variable are the mixing rates 
in the upper pycnocline of BoB during relatively short time periods (~ week) in various 
locations separated by ~ 100 miles and more. A statistical analysis (probability distribution 
functions) is conducted on estimated diffusivities, and compared with corresponding tur-
bulence data obtained in and around BoB as well as in several other deep-ocean regions of 
the world.

2 � Data

The most recent turbulence measurements in the BoB were carried out in June 2019 
onboard of the R/V Sally Ride as a part of the MISO-BoB research initiative. Measure-
ments taken by a VMP-500 microstructure profiler (e.g., Wolk et al. [21] in the southeast-
ern part of the Bay (φ = 8°N, λ = 89°E) as well as along a meridional transect (λ = 86°E) 
at the latitudes φ = 8°N, 10°N, 12°N, and 14°N are the focus of this paper. In particular, 
we analyze the estimates of eddy diffusivity (Eq. 3) in the upper ocean pycnocline below 
surface mixed layer. The TKE dissipation rate �(z) and the buoyancy frequency N(z) were 
obtained in a series of consecutive VMP casts (from 4 up to 25 profiles at each location) 
with vertical resolution Δ z ~ 1.4 m (2 s averaging for VMP sinking velocity ~ 0.7 m/s). The 
upper pycnocline depth varied at different locations between z > 40–65 and z < 170–210 m. 
The methodology of the VMP data processing was the same as in [16], which followed 
Roget et al. [22] framework.

These 2019 BoB diffusivity estimates were subjected to a comprehensive statistical analy-
sis and compared with KN from our previous turbulence measurements in the region. In 2013, 
the dissipation measurements were taken in the northern BoB [23]. In 2014, the data were 
collected along two sections to the south and to the east of Sri Lanka [11, 23]. In 2018, a field 
campaign was carried out in the western BoB [16] during the presence of a cyclonic mes-
oscale eddy, commonly known as the Sri Lanka Dome. We also explored two regions of deep 
ocean in different localities, namely a central section of the Gulf Stream [24] and Southern 

(4)KN =
Ko

(

1 + Ri
/

Ricr

)s
+ Kbr,
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California Bight [25]. Figure 1 shows schematic locations of the analyzed data, and Table 1 
gives details of measurements.

3 � 2019 Data analysis of the BoB pycnocline diffusivities

3.1 � Internal‑wave induced turbulence and mixing

A 3-h long time series of 25 diffusivity profiles obtained in the southeastern BoB (φ = 8°N, 
λ = 89°E, red star in Fig. 1) is shown in Fig. 2 to illustrate the short-term variability of mixing 
in the pycnocline below the surface mixed layer (the depth range 50–60 m < z < 150–180 m). 
An interesting pattern of ‘layering’ that consists of alternating (blue and yellow) bands of dif-
fusivity KN(z, t) , which is outlined in Fig. 2 in a background of wave-like variations of isother-
mal surfaces in the pycnocline, could point to internal-wave induced turbulence and mixing 
(e.g., [14, 26, 27]). If this conjecture is valid, then the TKE dissipation rate �(z) , which mainly 
affects KN(z) in an approximately linearly stratified pycnocline could be parametrized as [1].

Where N and Sh are suitably averaged values of buoyancy frequency and vertical shear, 
respectively, N0 , Sh0 (= 3 cph), and �0 are background values for a specific time period. 

(5)� = �MG ≡ �0

N

N0

Sh

Sh0

,

Fig. 1   Locations of the VMP measurements taken in the Bay of Bengal in 2013–2014 and 2018–2019 
(abbreviations are in Table 1): 1—white hexagon (2013, 16Nc); 2—brown arrow (2014, WS also SMC); 
3—light-yellow arrow (2014, TS also 8Neicc); 4—dark-blue oval (2018, 8Nsld and 8Nw); 5—red-green 
crossed circles (2019, 8Nc, 10Nc, 12Nc, 14Nc); 6—red pentagram (2019, 8Ne). In the insert: VMP meas-
urements in the Atlantic—orange bulb (2015, GSs) and in the Pacific—green curved arrow (2017, SCB)
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It appears from Fig. 3 that for BoB-19 8Ne data (see station abbreviations in Table 1 and 
in Fig.  1) the MacKinnon–Gregg [1] parameterization holds well for 𝜀 > (3 − 4) × 10−9 
W/kg with an empirical constant �0 = 4.04 × 10−10 W/kg and the 95% confidence bounds 
�0 = (3.44 − 4.64) × 10−10 W/kg (https://​www.​mathw​orks.​com/​produ​cts/​curve​fitti​ng.​
html). This relatively high �0 indicates significant influence of internal-wave induced tur-
bulence on vertical mixing in this region of the southeastern BoB. Note that MacKinnon 
and Gregg [1] found �0 = 6.9 × 10−10 W/kg for the dynamically active New England shelf, 
while Sun et al. [28] reported �0 = 8.6 × 10−10 W/kg for sufficiently strong turbulence in 
the northern South China Sea. It is noted that in June 2019, stratification in the southeast-
ern BoB at 8°N, 89°E (8Ne station) did not exhibit a sharp density jump below the surface 
mixed layer (SML), which is a common observation in the northern BoB (e.g., [23]). As 
such, the relatively uniform pycnocline was not decoupled from the SML (~ 50 m deep), 
allowing an energy flux from SML to penetrate downwards more easily, thus enhancing 
background mixing in stratified water interior. Note that Vinayachandran et  al. [29] and 
Jenson et  al. [30], based on observations in July 2016, reported a periodic development 
and erosion of a barrier layer between the SML and pycnocline at 8°N, 89°E caused by 
advection of a shallower, low-saline mixed layer over a deeper isothermal layer. During 
erosion stage of the barrier layer, the SML deepened up to ~ 60 m, similarly to what we 
have observed at the same location in 2019 (Fig. 2).

Fig. 2   A 3 h time series of the diffusivity profiles log10 KN (z, t) (color bars) overlaid by temperature T(z, t) 
contours. The southeastern BoB (8°N, 89°E), June 11, 2019

https://www.mathworks.com/products/curvefitting.html
https://www.mathworks.com/products/curvefitting.html
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3.2 � Diffusivity statistics of the 2019 BoB data

The cumulative probability distribution functions of diffusivity CDF
�

KN

�

√

b2 − 4ac 
computed for pycnocline measurement at five locations during the 2019 BoB measure-
ments are shown in Fig. 4. All empirical distributions are well approximated by general-
ized extreme value (GEV) distribution [31, 32].

and the values of shape k, scale σ, and location µ parameters are given in the figure legend. 
The GEV distribution showed the best maximum likelihood estimate of the fit amongst 
all probability distribution models offered by Matlab distribution fitter application dfittool 
(https://​www.​mathw​orks.​com/​help/​stats/​dfitt​ool.​html).

It is clear that four out of five CDFs in Fig.  4 have similar shape factors 
(k = 0.87–1.03) and the scale of distributions gradually decreases from � = 2 × 10−6 to 
� = 1 × 10−6 W/kg between 8 and 14°N. The CDF

(

KN

)

 at 12°N somewhat deviates from 
the others curves, with lack of relatively large KN samples; about 25% of the distribution 
consists of KN > 3 × 10−6 m2/s and only 1% has KN > 10−5 m2/s. It seems that internal-
wave activity at 12°N was relatively low and a “regular number” of intermittent mixing 
events typical for the pycnocline in the central BoB was not generated at the time of 
VMP measurements. Nevertheless, the majority (~ 75%) of KN samples at 12°N do not 
diverge from all other CDFs presented in Fig. 4.

(6)CDF(x̃) = exp
{

−[1 + kx̃]−1∕k
}

, where x̃ =
(

KN − 𝜇

)

∕𝜎

Fig. 3   Bin-median estimates (40 samples per bin) of the TKE dissipation rate �bm versus the MacKinnon–
Gregg [1] parameterization �MGbm

≡ �0

(

N

N0

Sh

Sh0

)

 , where N0 = Sh0 = 3 cph and �0 is an empirical constant 
(see text for details)

https://www.mathworks.com/help/stats/dfittool.html
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4 � Variability of the pycnocline mixing in BoB and other oceans

More insights on the spatial variability of mixing (diffusivity) in the BoB pycnocline can 
be drawn from Fig. 5, where CDF

(

KN

)

 at the most southeastern BoB-19 8Ne station is pre-
sented together with CDFs

(

KN

)

 obtained in several other BoB regions shown Fig. 1. Two 
additional distribution functions of KN are also shown in Fig. 5 to represent mixing rates 
in other oceanic locations (central Gulf Stream, GSs, and Southern California Bight, SCB) 
using our VMP measurements taken in 2015 [24] and 2017 [25], respectively. All analyzed 
CDF

(

KN

)

 are best-fitted by GEV distribution model, being specified and distinguished by 
the GEV distribution parameters k, σ, µ, that are shown in Fig. 6 along with such important 
statistical measures as the median values of the diffusivity med

(

KN

)

 and standard deviation 
std

(

KN

)

 . 
The CDF

(

KN

)

 in Fig. 5 can be roughly divided into three groups. The first group con-
tains the CDF that belongs to the most northern BoB-13 location 16Nc (magenta trian-
gles), where only ~ 1% of the diffusivities of all 762 analyzed samples exceeded 10−5 m2/s, 
the largest being KN = 5.3 × 10−5 m2/s. The lowest median and std values of KN as well 
as the smallest scale σ and location µ parameters of GEVD (also see Fig. 6) quantify the 
weakest pycnocline mixing in the northern BoB compared to all other analyzed regions of 
the Bay.

The second group contains CDFs in the South Monsoon (SMC or WS-14) and East 
Indian Coastal (8Neicc or TS-14) currents (black pluses and green circles, respectively). 

Fig. 4   Cumulative distribution functions of eddy diffusivity CDF(KN) in the upper pycnocline of BoB cal-
culated based on 2019 VMP measurement taken at 8°N, 89°E and along 86°E meridional section at 8°N, 
10°N, 12°N, and 14°N. The depth ranges (z) and a number of samples (n) used for evaluation of CDF(KN) 
are in the legend. All observed probability functions are well approximated by generalized extreme value 
(GEV) distribution with the shape k , scale σ and location µ parameters given in the legend
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These CDFs exhibit the largest variability of KN signified by two largest values of the 
GEVD shape parameter k ~ 1.6 and the largest std

(

KN

)

 that are given in Fig. 6. Relatively 
rare but powerful mixing events in EICC ( KN > 10−4 m2/s) constitute about 5% of the 
TS-14 distribution. At the same time, relatively high probability of weak turbulence events 
(defined by left tails of KN distributions in Fig. 5) could be driven by a variety of shear-
induced instabilities in the monsoon influenced boundary currents around Sri Lanka. This 
contrasts with internal-wave induced instabilities that produce a narrower range of KN , 
which arguably prevail in other regions of BoB away from boundary currents.

The third and the densest group of distribution functions in Fig. 5 has a similar shape 
(see also CDFs in Fig. 4) with the GEVD shape parameter that varies in a narrow range 
k = 0.9–1.1. This may indicate similar (IW-induced) mechanisms of diapycnal mixing in 
the most of southern and central BoB as well as in the other regions of the open ocean.

Figure 6 summarizes mixing activity in the Bay, comparing it with diffusivities observed 
in GSs and SCB. It is interesting that a simple but the most representative statistics of the pyc-
nocline mixing rate, med

(

KN

)

 , gradually decreases from the most southeastern station 8Ne 
toward the north (14Nc) and then sharply goes down at 16Nc, pointing to the stronger stable 
stratification resulting from riverine inflow and excess rainfall (e.g., [33, 34]) in the region. 
The scale and position parameters of GEVD appropriately follow the median estimates for all 
locations, confirming the usefulness of GEVD as a statistical model for the diffusivity in the 
ocean pycnocline. In all western measurement regions of BoB, located along 8°N (8Neicc, 
8Nw, and 8Nsld), the med

(

KN

)

 returns to its characteristic value ~ 2 × 10−6 m2/s found at 8Nc 

Fig. 5   Cumulative distributions functions of the diffusivity CDF(KN) in the upper pycnocline based on 
VMP dissipation and stratification measurements at several representative regions of the BoB in 2013–2014 
and 2018–2019 (see Fig.  1 and Table  1 for abbreviations). The BoB probability distributions of KN are 
shown along with the pycnocline CDFs(KN) obtained in deep waters of the South California Bight (SCB-
17) and the Gulf Stream (GSs-15). The depth ranges and a number of samples (n) used for CDF(KN) evalu-
ation are in the legend. All observed probability functions are well approximated by generalized extsssreme 
value (GEV) distribution with the shape k , scale σ and location µ parameters given in the legend
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and 8Ne in the central and southeastern BoB. Note that a local enhancement of med
(

KN

)

 at 
8Nsld, which was occupied in 2018 by a cyclonic eddy (the Sri Lanka Dome) signifies pos-
sible enhancement of pycnocline mixing due to mesoscale ocean dynamics [16, 18]. Statistics 
of the diffusivity in the upper pycnocline of California (SCB) and Gulf Stream (GSs) waters 
are similar to those found in the southern BoB, indicating relatively low intensity of verti-
cal mixing in those regions comparing to the long-known canonical diffusivity KN = 10−5 
m2/s (e.g., [35, 36]). On the other hand, if the pycnocline diffusivity is characterized by the 
mean value mean

(

KN

)

 , which is a less representative statistic than the median med
(

KN

)

 for 
heavy-tailed distributions like GEVD, then the mean

(

KN

)

 ranges between 1.8 × 10−6 and 
2.5 × 10−5 m2/s for all our measurement locations, with the averaged mean of the means 
⟨

mean
(

KN

)⟩

= 9 × 10−6 m2/s, which is close to the canonical pycnocline diffusivity 10−5 
m2/s.

Fig. 6   The shape, k (triangles), scale, σ (hexagrams), and location, µ (diamonds), parameters of generalized 
extreme value distribution (GEVD) used to approximate empirical distribution functions of KN at various 
measurement sites (see Table 1 for name abbreviations). The medians (black circles) flanked by the 95% 
lower (red) and upper (blue) confidence limits as well as standard deviations (pentagrams) of pycnocline 
diffusivities are also plotted; the dashed line is the mean value of the medians ⟨med(KN )⟩ = 2.04 × 10−6 
m2/s
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5 � Summary

A robust statistical analysis of eddy diffusivity KN = 0.2�
/

N2 in the upper-ocean pycno-
cline evaluated using in situ measurements of the TKE dissipation rate �(z) and buoy-
ancy gradient N2(z) taken during multiple field campaigns in the Bay of Bengal (BoB) 
or its proximity was presented in this paper, with the most recent measurements con-
ducted in June 2019 onboard the R/V Sally Ride. The turbulence data were collected 
using a VMP-500 microstructure profiler in the southeastern BoB (φ = 8°N, λ = 89°E) as 
well as along a meridional, λ = 86°E, transect at the latitudes φ = 8°N, 10°N, 12°N, and 
14°N. The diffusivities (mixing rates) of the 2019 field campaign were compared with 
KN estimates from our previous measurements (i) in the northern BoB [23]; (ii) at two 
sections to the south and to the east from Sri Lankan coast [10, 23]; (iii) across the Sri 
Lanka Dome in the southwestern BoB [16], and (iv) in two distant deep-ocean regions 
away from the BoB, namely central Gulf Stream [24] and Southern California Bight 
[25]. A hypothesis on the dominant influence of internal-wave instability on turbulence 
generation in the pycnocline of southeastern BoB was explored based on the notion that 
kindred turbulence obeys the MacKinnon–Gregg [1] dissipation parameterization. The 
observed vertical ‘layered structure’ of diffusivity therein appears to be consistent with 
the above hypothesis.

All cumulative probability distribution functions for the pycnocline CDF
(

KN

)

 were 
well fitted by a three-parameter generalized extreme value distribution (GEVD), the 
most flexible probability model that describes extreme events [37], suggesting highly 
intermittent (in space and time) nature of pycnocline mixing in all studied regions of 
BoB and elsewhere alluded to in this paper. Therefore, from the probabilistic point of 
view vertical mixing in the upper part of the main oceanic pycnocline, defined here 
by KN , can be considered as a sequence of extreme random events. This requires non-
stationary sources of turbulent energy such as intermittent internal-wave breaking and 
sporadic shear-induced instabilities.

It was found that representative statistics of the pycnocline mixing such as the median 
of diffusivities med

(

KN

)

 gradually decreases from the most southeastern BoB stations at 
8°N toward the north stations (14°N). It then sharply goes down at 16°N, being affected 
by strong stratification caused by the riverine input and excessive monsoon rainfall in 
the northern BoB [33]. In all western measurement stations of the Bay located along 
8°N, med

(

KN

)

 returns to its characteristic value ~ 2 × 10−6 m2/s found in the central and 
eastern BoB during summer monsoon period. Some elevation of med

(

KN

)

 associated 
with a cyclonic eddy–the Sri Lanka Dome was noted, indicating possible enhancement 
of mixing by mesoscale ocean dynamics [16, 18], which, in turn, is linked to seasonal 
forcing (e.g., [19, 20, 34]). Statistics of the diffusivity in the upper pycnocline of Cali-
fornia (SCB) waters and central Gulf Stream (GSs) are similar to those in the southern 
BoB. This indicates relatively low intensity of vertical mixing in those regions as com-
pared to the long-held value of canonical diffusivity KN = 10−5 m2/s (e.g., [4, 35, 36]) 
based on measurements in various regions of the World Ocean.
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